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1. Introduction and statement of main results
Given modular forms f and g of weights k and , respectively, their Rankin–Cohen bracket [ f , g](k,)n corresponding to a
nonnegative integer n is a modular form of weight k+  + 2n, and it is given as a linear combination of the products of the
form f (r)g(n−r) for 0 r  n (see e.g. [3]). Although such products are not modular forms, they are quasimodular forms.
Quasimodular forms generalize classical modular forms and ﬁrst introduced by Kaneko and Zagier in [6]. It appears nat-
urally in various places (see [4,5,7], for instance). One of the useful features of quasimodular forms is that their derivatives
are also quasimodular forms (see [1,9]). In particular, derivatives of modular forms are quasimodular forms. Since products
of quasimodular forms are quasimodular forms, it follows that the products f (r)g(n−r) considered above are quasimodular
forms. As in the case of modular forms, we can consider the Dirichlet series associated to quasimodular forms by using their
Fourier coeﬃcients. From the formula for Rankin–Cohen brackets it follows that the Dirichlet series of the modular forms
[ f , g](k,)n can be written as the Dirichlet series of the quasimodular forms f (r)g(n−r) . The goal of this paper is to express
the Dirichlet series of a product of derivatives of modular forms in terms of the Dirichlet series of Rankin–Cohen brackets.
More precisely, we prove the following theorem:
Theorem 1.1. Given a discrete subgroup Γ , containing translations, of SL(2,R), let φ and ψ be modular forms for Γ with width h and
weights μ and ν , respectively. Then the Dirichlet series of the quasimodular form φ(m)ψ(n) can be written in the form
L
(
φ(m)ψ(n), s
)= m+n∑
=0
am,nμ,ν()L
([φ,ψ](μ,ν)m+n−, s − ), (1.1)
where
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(2π i)n!(μ +m − 1)!(ν + n − 1)!(μ + ν + 2 − 1)!
(μ +  − 1)!(μ + ν + 2m + 2n −  − 1)!h
×
∑
j=0
(−1) j (m + n −  + j)!(2 + μ + ν − j − 2)!
j!( − j)!(n −  + j)!(ν +  − j − 1)! (1.2)
for 0 m + n.
The proof of this theorem is carried out by using a correspondence between quasimodular forms and sequences of
modular forms discussed in [8]. For example, each quasimodular form can be written as a linear combination derivatives of
a ﬁnite number of modular forms.
2. Quasimodular and modular polynomials
In this section we describe SL(2,R)-equivariant automorphisms of spaces of polynomials introduced in [8] which deter-
mine correspondences between quasimodular polynomials and modular polynomials.
Let H be the Poincaré upper half plane, and let F be the ring of holomorphic functions f :H → C satisfying the
following growth condition
∣∣ f (z)∣∣ ( Im z
1+ |z|2
)−ν
(2.1)
for some ν > 0 (see e.g. [9, Section 17.1] for a more precise description of this condition). We ﬁx a nonnegative integer m
and denote by Fm[X] the complex vector space of polynomials in X over F of degree at most m. Thus Fm[X] consists of
polynomials of the form
Φ(z, X) =
m∑
r=0
φr(z)X
r (2.2)
with φ ∈ F for 0 r m. If Φ(z, X) ∈ Fm[X] is as in (2.2) and if λ is an integer with λ > 2m, we set
(
Λmλ Φ
)
(z, X) =
m∑
r=0
φΛr (z)X
r,
(
Ξmλ Φ
)
(z, X) =
m∑
r=0
φΞr (z)X
r (2.3)
where
φΛr =
1
r!
m−r∑
=0
1
!(λ − 2r −  − 1)!φ
()
m−r−, (2.4)
φΞr = (λ + 2r − 2m − 1)
r∑
=0
(−1)
! (m − r + )!(2r + λ − 2m −  − 2)!φ
()
m−r+, (2.5)
for each r ∈ {0,1, . . . ,m}. Then it can be shown that the resulting maps
Λmλ ,Ξ
m
λ :Fm[X] → Fm[X]
are complex linear isomorphisms with(
Ξmλ
)−1 = Λmλ
(see [8]).
The group SL(2,R) acts on the Poincaré upper half plane H as usual by linear fractional transformations, so that
γ z = az + b
cz + d
for all z ∈ H and γ = ( a b
c d
) ∈ SL(2,R). For the same z and γ , by setting
J(γ , z) = cz + d, K(γ , z) = c
cz + d , (2.6)
we obtain the maps J,K : SL(2,R) × H → C which satisfy
J
(
γ γ ′, z
)= J(γ ,γ ′z)J(γ ′, z), K(γ ,γ ′z)= J(γ ′, z)2(K(γ γ ′, z)−K(γ ′, z))
for all z ∈ H and γ ,γ ′ ∈ SL(2,R).
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( f |λ γ )(z) = J(γ , z)−λ f (γ z), (2.7)(
Φ |Xλ γ
)
(z, X) =
m∑
r=0
(φr |λ+2r γ )(z)Xr, (2.8)
(Φ ‖λ γ )(z, X) = J(γ , z)−λΦ
(
γ z,J(γ , z)2
(
X −K(γ , z))) (2.9)
for all z ∈ H. Then |λ determines an action of SL(2,R) on H as usual, and the other two operations |Xλ and ‖λ determine
actions of the same group on Fm[X]. If Λmλ and Ξmλ are the linear automorphisms of Fm[X] given by (2.3), then it is known
that ((
Λmλ Φ
) ‖λ γ )(z, X) = Λmλ (Φ |Xλ−2m γ )(z, X), (2.10)((
Ξmλ Φ
) |Xλ−2m γ )(z, X) = Ξmλ (Φ ‖λ γ )(z, X) (2.11)
for all γ ∈ SL(2,R) (cf. [8]).
We now consider a discrete subgroup Γ of SL(2,R). Then an element f ∈ F is a modular form for Γ of weight λ if it
satisﬁes
f |λ γ = f
for all γ ∈ Γ , where the operation |λ is given by (2.7).
Deﬁnition 2.1. Let |Xλ and ‖λ with λ ∈ Z be the operations in (2.8) and (2.9).
(i) An element F (z, X) ∈ Fm[X] is a modular polynomial for Γ of weight λ and degree at most m if it satisﬁes
F |Xλ γ = F
for all γ ∈ Γ .
(ii) An element Φ(z, X) ∈ Fm[X] is a quasimodular polynomial for Γ of weight λ and degree at most m if it satisﬁes
Φ ‖λ γ = Φ
for all γ ∈ Γ .
We denote by MPmλ (Γ ) and QP
m
λ (Γ ) the spaces of modular and quasimodular, respectively, polynomials for Γ of weight λ
and degree at most m. If a polynomial F (z, X) ∈ Fm[X] of the form
F (z, X) =
m∑
r=0
fr(z)X
r
belongs to MPmλ (Γ ), from (2.8) and Deﬁnition 2.1(i) we see that
fr ∈ Mλ+2r(Γ ) (2.12)
for 0  r m. From (2.10), (2.11) and Deﬁnition 2.1 it follows that the automorphisms Λmλ and Ξmλ of Fm[X] induce the
isomorphisms
Λmλ :MP
m
λ−2m(Γ ) → QPmλ (Γ ), Ξmλ :QPmλ (Γ ) → MPmλ−2m(Γ ) (2.13)
for each λ 2m.
Example 2.2. Given an integer λ 2m, we consider two modular forms
ξ ∈ Mλ−2m(Γ ), η ∈ Mλ−2m+2(Γ )
and the associated modular polynomial
F (z, X) =
m∑
r=0
fr(z)X
r ∈ MPλ−2m(Γ )
with
fr =
{
ξ if r = 0;
η if r = 1;
0 if 2 r m.
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∑m
r=0 f Λk (z)X
r ∈ QPmλ (Γ ) is the corresponding quasimodular polynomial, from (2.4) we obtain
f Λk =
f (m−k)0
k!(m − k)!(λ − k −m − 1)! +
f (m−k−1)1
k!(m − k − 1)!(λ − k −m)!
= (λ − k −m)ξ
(m−k) + (m − k)η(m−k−1)
k!(m − k)!(λ − k −m)! .
Thus we have
Λmλ F (z, X) =
m∑
k=0
(λ − k −m)ξ (m−k)(z) + (m − k)η(m−k−1)(z)
k!(m − k)!(λ − k −m)! X
k. (2.14)
3. Quasimodular forms
In this section we discuss the correspondence between quasimodular polynomials and quasimodular forms. We also
express the Dirichlet series of a quasimodular form in terms of Dirichlet series of the modular forms associated to the
corresponding quasimodular polynomial.
Let F be the ring of holomorphic functions on H satisfying (2.1) as in Section 2, and let Γ be a discrete subgroup of
SL(2,R) containing translations.
Deﬁnition 3.1. Given integers m and λ with m  0, an element f ∈ F is a quasimodular form for Γ of weight λ and depth at
most m if there are functions f0, . . . , fm ∈ F such that
( f |λ γ )(z) =
m∑
r=0
fr(z)K(γ , z)
r (3.1)
for all z ∈ H and γ ∈ Γ , where K(γ , z) is as in (2.6) and |λ is the operation in (2.7). We denote by QMmλ (Γ ) the space of
quasimodular forms for Γ of weight λ and depth at most m.
Quasimodular forms correspond to quasimodular polynomials as described below. If 0 m, we consider the complex
linear map
S :Fm[X] → F
deﬁned by
S
(
m∑
r=0
φr(z)X
r
)
= φ(z)
for all z ∈ H. Then it can be shown (cf. [2]) that
S
(
QPmλ (Γ )
)⊂ QMm−λ−2(Γ );
hence we obtain the map
S :QP
m
λ (Γ ) → QMm−λ−2(Γ ) (3.2)
for each . For  = 0 it is known that the map
S0 :QP
m
λ (Γ ) → QMmλ (Γ )
is an isomorphism whose inverse is the map
Qmλ :QMmλ (Γ ) → QPmλ (Γ ) (3.3)
deﬁned by
(Qmλ f )(z, X) =
m∑
r=0
fr(z)X
r
for a quasimodular form f ∈ QMmλ (Γ ) and functions f0, . . . , fm ∈ F as in (3.1).
Let ψ ∈ QMmλ (Γ ) be a quasimodular form whose Fourier expansion is of the form
ψ(z) =
∞∑
ake
2π ikz/h (3.4)k=0
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L(ψ, s) =
∞∑
n=1
an
ns
(3.5)
where it converges when Re s 
 0. For 0  r m, using (2.12) and the isomorphisms in (2.13) and (3.3), we see that the
function (Sr ◦ Ξmλ ◦ Qmλ )ψ is a modular form belonging to Mλ−2m+2r(Γ ). We now set
f ψr =
(
Sr ◦ Ξmλ ◦ Qmλ
)
ψ ∈ Mλ−2m+2r(Γ ), (3.6)
and assume that its Fourier expansion is given by
f ψr (z) =
∞∑
k=0
cr,ke
2π ikz/h. (3.7)
Thus the corresponding Dirichlet series can be written as
L
(
f ψr , s
)= ∞∑
n=1
cr,n
ns
, (3.8)
where it converges for Re s 
 0.
Proposition 3.2. The Dirichlet series in (3.5) and (3.8) satisfy the relation
L(ψ, s) =
m∑
=0
(2π i)
!(λ −  − 1)!h L
(
f ψm−, s − 
)
, (3.9)
where it converges for Re s 
 0.
Proof. From (3.6) we see that
((
Ξmλ ◦ Qmλ
)
ψ
)
(z, X) =
m∑
r=0
f ψr (z)X
r ∈ MPmλ−2m(Γ ).
Applying the isomorphism Λmλ in (2.13) to this relation and using (2.3) and (2.4), we have
(Qmλ ψ)(z, X) = ((Λmλ ◦ Ξmλ ◦ Qmλ )ψ)(z, X) =
m∑
r=0
ψr(z)X
r ∈ QPmλ (Γ ),
where
ψr = 1
r!
m−r∑
=0
1
!(λ − 2r −  − 1)!
(
f ψm−r−
)()
for 0 r m. From this and the fact that (Qmλ )−1 = S0 we obtain
ψ = S0
(Qmλ ψ)= ψ0 =
m∑
=0
1
!(λ −  − 1)!
(
f ψm−
)()
.
Using (3.7), we have
(
f ψm−
)()
(z) =
∞∑
k=0
cm−,k
(
2π ik
h
)
e2π ikz/h;
hence we obtain
ψ(z) =
∞∑
k=0
m∑
=0
(2π ik)cm−,k
!(λ −  − 1)!h e
2π ikz/h.
Comparing this with (3.4), we have
ak =
m∑ (2π ik)cm−,k
!(λ −  − 1)!h
=0
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L(ψ, s) =
∞∑
n=1
m∑
=0
(2π in)cm−,n
!(λ −  − 1)!hns
=
m∑
=0
∞∑
n=1
(2π i)cm−,n
!(λ −  − 1)!hns−
=
m∑
=0
(2π i)
!(λ −  − 1)!h L
(
f ψm−, s − 
);
hence the proposition follows. 
4. Proof of Theorem 1.1
We ﬁrst recall that the Rankin–Cohen brackets are the bilinear maps
[ , ](k,)w :Mk(Γ ) × M(Γ ) → Mk++2w(Γ )
deﬁned by
[ f , g](k,)w =
w∑
r=0
(−1)r
(
k + w − 1
w − r
)(
 + w − 1
r
)
f (r)g(w−r) (4.1)
for k,  ∈ Z, w  0, f ∈ Mk(Γ ) and g ∈ M(Γ ) (see e.g. [10,3]). It is known that the Rankin–Cohen brackets are unique up
to constant. More precisely, if
Bw :Mk(Γ ) × M(Γ ) → Mk++2w(Γ )
is a bilinear differential operator, there is a constant c ∈ C such that
Bw( f , g) = c[ f , g](k,)w
for all ( f , g) ∈ Mk(Γ ) × M(Γ ).
Proof of Theorem 1.1. Given nonnegative integers μ and ν , we consider modular forms φ ∈ Mμ(Γ ) and ψ ∈ Mν(Γ ). Then
their derivatives φ(m) and ψ(n) with m,n 0 are quasimodular forms with
φ(m) ∈ QMmμ+2m, ψ(n) ∈ QMnν+2n;
hence we see that φ(m)ψ(n) is a quasimodular form belonging to QMm+nμ+ν+2m+2n(Γ ). By setting λ = μ+2m, ξ = φ and η = 0
in (2.14), we obtain
Λmμ+2mΦ(z, X) =
m∑
k=0
φ(m−k)
k!(m − k)!(μ +m − k − 1)! X
k ∈ QPmμ+2m(Γ ), (4.2)
((
S0 ◦ Λmμ+2m
)
Φ
)
(z) = φ
(m)
m!(μ +m − 1)! ∈ QM
m
μ+2m(Γ ).
Similarly, if ψ ∈ Mν(Γ ), we have
Λnν+2nΨ (z, X) =
n∑
=0
ψ(n−)(z)
!(n − )!(ν + n −  − 1)! X
 ∈ QPnν+2n(Γ ),
((
S0 ◦ Λnν+2n
)
Ψ
)
(z) = ψ
(n)
n!(ν + n − 1)! ∈ QM
n
ν+2n(Γ ).
Thus, if we set
F (z, X) = (Λmμ+2mΦ(z, X)) · (Λnν+2mΨ (z, X)),
it is a quasimodular polynomial belonging to QPm+n (Γ ), and we obtainμ+ν+2m+2n
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m∑
k=0
n∑
=0
φ(m−k)(z)ψ(n−)(z)
k!!(m − k)!(n − )!(μ +m − k − 1)!(ν + n −  − 1)! X
k+
=
m+n∑
r=0
r∑
k=0
Km,n;μ,νk,r φ
(m−k)(z)ψ(n−r+k)(z)Xr ∈ QPm+nμ+ν+2m+2n(Γ ),
where
Km,n;μ,νk,r =
1
k!(r − k)!(m − k)!(n − r + k)!(μ +m − k − 1)!(ν + n − r + k − 1)!
for 0 k r m + n; here we assume that φ(a) = 0 and ψ(b) = 0 for a,b < 0. Using (2.3) and (2.5), we have
Ξm+nμ+ν+2m+2n F (z, X) =
m+n∑
j=0
φΞj (z)X
j ∈ MPm+nμ+ν (Γ ),
where
φΞ = (μ + ν + 2 − 1)
∑
j=0
(−1) j
j! (m + n −  + j)!(2 + μ + ν − j − 2)!φ
( j)
m+n−+ j
with
φr =
r∑
k=0
Km,n;μ,νk,r φ
(m−k)ψ(n−r+k)
for 0 , r m + n. However, we have
φ
( j)
m+n−+ j =
m+n−+ j∑
k=0
Km,n;μ,νk,m+n−+ j
(
φ(m−k)ψ(+k−m− j)
)( j)
=
m+n−+ j∑
k=0
Km,n;μ,νk,m+n−+ j
j∑
p=0
(
j
p
)
φ(m−k+ j−p)ψ(+k+p−m− j);
hence it follows that
φΞ = (μ + ν + 2 − 1)
∑
j=0
m+n−+ j∑
k=0
j∑
p=0
(−1) j
j!
(
j
p
)
(m + n −  + j)!(2 + μ + ν − j − 2)!Km,n;μ,νk,m+n−+ j
× φ(m−k+ j−p)ψ(+k+p−m− j) (4.3)
for 0 m + n. Since φΞ ∈ Mμ+ν+2(Γ ), we obtain the bilinear differential operator
(φ,ψ) → φΞ :Mμ(Γ ) × Mν(Γ ) → Mμ+ν+2(Γ )
on Mμ(Γ ) × Mν(Γ ) for each . Thus, using the uniqueness of Rankin–Cohen brackets, we see that
φΞ = b[φ,ψ](μ,ν) (4.4)
for some b ∈ C. Using p = j and k =m, the coeﬃcient of φψ() in (4.3) is given by
(μ + ν + 2 − 1)
∑
j=0
(−1) j
j! (m + n −  + j)!(2 + μ + ν − j − 2)!K
m,n;μ,ν
m,m+n−+ j, (4.5)
where
Km,n;μ,νm,m+n−+ j =
1
m!(n −  + j)!( − j)!(μ − 1)!(ν +  − j − 1)! .
On the other hand, by (4.1) the coeﬃcient of φψ() in (4.4) is equal to(
μ +  − 1)
b = (μ +  − 1)!b .
 !(μ − 1)!
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b = (μ + ν + 2 − 1)!
(μ +  − 1)!m!
∑
j=0
(−1) j (m + n −  + j)!(2 + μ + ν − j − 2)!
j!(n −  + j)!( − j)!(ν +  − j − 1)! (4.6)
for 0 m + n. Since we have
S0F = φ
(m)ψ(n)
m!n!(μ +m − 1)!(ν + n − 1)! ∈ QM
m+n
μ+ν+2m+2n(Γ ),
it follows that(
Sr ◦ Ξm+nμ+ν+2m+2n ◦ Qm+nμ+ν+2m+2n
)
(S0F ) =
(
Sr ◦ Ξm+nμ+ν+2m+2n
)
F = φΞr
for 0 r m + n. Thus, using Proposition 3.2, we obtain
L
(
φ(m)ψ(n), s
)=m!n!(μ +m − 1)!(ν + n − 1)!m+n∑
=0
(2π i)
!(μ + ν + 2m + 2n −  − 1)!h L
(
φΞm+n−, s − 
)
=m!n!(μ +m − 1)!(ν + n − 1)!
m+n∑
=0
(2π i)b
!(μ + ν + 2m + 2n −  − 1)!h L
([φ,ψ](μ,ν)m+n−, s − );
hence the theorem follows from this and (4.6). 
5. Examples
In this section we consider two modular forms
φ ∈ Mμ(Γ ), ψ ∈ Mν(Γ ),
and provide examples of the formula (1.1) for (m,n) = (1,1), (2,0), (0,2).
We ﬁrst consider the case where m = n = 1 by regarding the given modular forms as modular polynomials
Φ(z, X) = φ(z) ∈ MP1μ(Γ ), Ψ (z, X) = ψ(z) ∈ MP1ν(Γ ).
Then from (4.2) we see that
(
Λ1μ+2Φ(z, X)
) · (Λ1ν+2Ψ (z, X))= 1μ!ν!
[
φ′(z)ψ ′(z) + (νφ′(z)ψ(z) + μφ(z)ψ ′(z))X + μνφ(z)ψ(z)X2],
which is a quasimodular form belonging to QP2μ+ν+4(Γ ). Thus, if we set
F (z, X) = μ!ν!(Λ1μ+2Φ(z, X)) · (Λ1ν+2Ψ (z, X)),
we have
F (z, X) = f0(z) + f1(z)X + f2(z)X2 ∈ QP2μ+ν+4(Γ ),
where
f0 = φ′ψ ′ = S0F ∈ QM2μ+ν+4(Γ ), f1 = νφ′ψ + μφψ ′, f2 = μνφψ.
Using (2.5), we have
(
Ξ2μ+ν+4F
)
(z, X) =
2∑
r=0
f Ξr (z)X
r,
where
f Ξ0 = 2μν(μ + ν − 1)!φψ,
f Ξ1 = (μ + ν + 1)(μ + ν − 1)!(μ − ν)
(
μφψ ′ − νφ′ψ),
f Ξ2 = −(μ + ν + 3)(μ + ν)! ×
(
μ(μ + 1)φψ ′′ − 2(μ + 1)(ν + 1)φ′ψ ′ + ν(ν + 1)φ′′ψ).
However, using (4.1), we have
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[φ,ψ](μ,ν)1 = μφψ ′ − νφ′ψ,
[φ,ψ](μ,ν)2 =
1
2
(
μ(μ + 1)φψ ′′ − 2(μ + 1)(ν + 1)φ′ψ ′ + ν(ν + 1)φ′′ψ). (5.1)
Thus we see that
f Ξ0 = 2μν(μ + ν − 1)![φ,ψ](μ,ν)0 ,
f Ξ1 = (μ − ν)(μ + ν + 1)(μ + ν − 1)![φ,ψ](μ,ν)1 ,
f Ξ2 = −2(μ + ν + 3)(μ + ν)![φ,ψ](μ,ν)2 .
From this and (3.9) with λ = μ + ν + 4 we obtain
L
(
φ′ψ ′, s
)= 2∑
j=0
(2π i) j
j!(μ + ν + 3− j)!h j L
(
f Ξ2− j, s − j
)
= − 2
(μ + ν + 2)(μ + ν + 1) L
([φ,ψ](μ,ν)2 , s)
+ 2π i(μ − ν)
(μ + ν + 2)(μ + ν)h L
([φ,ψ](μ,ν)1 , s − 1)
+ (2π i)
2μν
(μ + ν + 1)(μ + ν)h2 L
([φ,ψ](μ,ν)0 , s − 2). (5.2)
We now consider the case where m = 2 and n = 0 by regarding the given modular forms as the modular polynomials
Φ(z, X) = φ(z) ∈ MP2μ(Γ ), Ψ (z, X) = ψ(z) ∈ MP0ν(Γ ),
so that from (4.2) we obtain
(
Λ2μ+4Φ(z, X)
) · (Λ0νΨ (z, X))= 1(ν − 1)!
(
φ′′(z)ψ(z)
2(μ + 1)! +
φ′(z)ψ(z)
μ! X +
φ(z)ψ(z)
2(μ − 1)! X
2
)
,
which is a quasimodular polynomial belonging to QP2μ+ν+4(Γ ). Thus, if we set
G(z, X) = 2(ν − 1)!(μ + 1)!(Λ2μ+4Φ(z, X)),
then we have
G(z, X) = g0(z) + g1(z)X + g2(z)X2 ∈ QP2μ+ν+4(Γ ),
where
g0 = φ′′ψ = S0G ∈ QM2μ+ν+4(Γ ), g1 = 2(μ + 1)φ′ψ, g2 = μ(μ + 1)φψ.
Using this, (2.5) and (5.1), we see that
(
Ξ2μ+ν+4G
)
(z, X) =
2∑
r=0
gΞr (z)X
r,
where
gΞ0 = 2(μ + ν − 1)!g2 = 2μ(μ + 1)(μ + ν − 1)![φ,ψ](μ,ν)0 ,
gΞ1 = (μ + ν + 1)
(
(μ + ν)!g1 − 2(μ + ν − 1)!g′2
)
= 2(μ + ν + 1)(μ + ν − 1)!(νφ′ψ − μφψ ′)
= −2(μ + ν + 1)(μ + ν − 1)![φ,ψ](μ,ν)1 ,
gΞ2 = (μ + ν + 3)
(
(μ + ν + 2)!g0 − (μ + ν + 1)!g′1 + (μ + ν)!g′′2
)
= (μ + ν + 3)(μ + ν)!((μ + ν + 2)(μ + ν + 1)φ′′ψ − 2(μ + 1)(μ + ν + 1)(φ′′ψ + φ′ψ ′)
+ μ(μ + 1)(φ′′ψ + 2φ′ψ ′ + φψ ′′))
= (μ + ν + 3)(μ + ν)!(ν(ν + 1)φ′′ψ + 2(μ + 1)(ν + 1)φ′ψ ′ + μ(μ + 1)φψ ′′)
= 2(μ + ν + 3)(μ + ν)![φ,ψ](μ,ν).2
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L
(
φ′′ψ, s
)= 2∑
j=0
(2π i) j
j!(μ + ν + 3− j)!h j L
(
gΞ2− j, s − j
)
= 2
(μ + ν + 2)(μ + ν + 1) L
([φ,ψ](μ,ν)2 , s)
− 2(2π i)(μ + 1)
(μ + ν + 2)(μ + ν)h L
([φ,ψ](μ,ν)1 , s − 1)
+ (2π i)
2μ(μ + 1)
(μ + ν + 1)(μ + ν)h2 L
([φ,ψ](μ,ν)0 , s − 2). (5.3)
The case where m = 0 and n = 2 can be obtained from (5.3) and the fact that Rankin–Cohen brackets [φ,ψ](μ,ν)w are
(−1)w -symmetric. Thus we see that
L
(
φψ ′′, s
)= 2
(μ + ν + 2)(μ + ν + 1) L
([ψ,φ](μ,ν)2 , s)
− 2(2π i)(ν + 1)
(μ + ν + 2)(μ + ν)h L
([ψ,φ](μ,ν)1 , s − 1)
+ (2π i)
2ν(ν + 1)
(μ + ν + 1)(μ + ν)h2 L
([ψ,φ](μ,ν)0 , s − 2)
= 2
(μ + ν + 2)(μ + ν + 1) L
([φ,ψ](μ,ν)2 , s)
+ 2(2π i)(ν + 1)
(μ + ν + 2)(μ + ν)h L
([φ,ψ](μ,ν)1 , s − 1)
+ (2π i)
2ν(ν + 1)
(μ + ν + 1)(μ + ν)h2 L
([φ,ψ](μ,ν)0 , s − 2).
6. Concluding remarks
Given two modular forms φ ∈ Mμ(Γ ) and ψ ∈ Mν(Γ ), from (4.1) we see that
L
([φ,ψ](k,)w , s)= w∑
r=0
(−1)r
(
k + w − 1
w − r
)(
 + w − 1
r
)
L
(
φ(r)ψ(w−r), s
)
for each nonnegative integer w . Using this and (1.1), we have
L
([φ,ψ](μ,ν)w , s)= w∑
=0
w∑
r=0
(−1)r
(
μ + w − 1
w − r
)(
ν + w − 1
r
)
ar,w−rμ,ν ()L
([φ,ψ](μ,ν)w− , s − ),
where the constants ar,w−rμ,ν () ∈ C are as in (1.2). Hence we obtain the identities
w∑
r=0
(−1)r
(
μ + w − 1
w − r
)(
ν + w − 1
r
)
ar,w−rμ,ν (0) = 1,
w∑
r=0
(−1)r
(
μ + w − 1
w − r
)(
ν + w − 1
r
)
ar,w−rμ,ν () = 0
for 1  w .
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